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Abstract 

We study the canonical and the coherent state quantization of a parti- 
cle moving in a magnetic field on a non-commutative plane. Starting from 
the so called ^-modified action, we perform the canonical quantization and 
analyze the gauge dependence of the obtained quantum theory. We con- 
struct the Malkin-Man'ko coherent states of the system in question, and 
the corresponding quantization. On this base, we study the relation be- 
tween the coherent states and the "classical" trajectories predicted by the 
^-modified action. In addition, we construct different semiclassical states, 
making use of special properties of circular squeezed states. With the help 
of these states, we perform the Berezin-Klauder-Toeplitz quantization and 
present a numerical exploration of the semiclassical behavior of physical 
quantities in these states. 



1 Introduction 

Constructing semiclassical states for a given quantum system is an important 
and, in general case, an open problem in quantum theory. One can believe 
that for systems with quadratic Hamiltonians semiclassical (or "classical-like" ) 
states are those ones introduced by Shrodinger 1 in 1926, lately rediscovered 
and called coherent by Glauber [2j and Sudarshan [3] within the context of 
Quantum Optics, and by Klauder [51 [5] in the more general quantum arena. We 
will call them standard CS in what follows. These states were then studied by a 
number of authors in different contexts [51 [71 [5] • Perelomov proposed so-called 
generalized CS for systems with a symmetry group [S]. One can also mention 
some alternative constructions of CS that differ from the standard ones, see e.g. 
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[8 . In addition, it was realized that constructing CS is closely related to the 
quantization problem [ID] . 

A charged quantum particle interacting with a constant magnetic field is 
an important and well studied system. A family of coherent states adapted 
to such a system was first proposed by Malkin and Man'ko [IT]. Afterwards, 
some alternative constructions were proposed in [THQ3]. However, all these CS 
are labelled not only by continuous quantum numbers, but also by a discrete 
quantum number. To avoid discrete quantum numbers, the authors of [13] have 
proposed new coherent states partially similar to the CS of a particle moving 
on a circle [15] . A generalization of such circular CS was proposed in our 
work [IB]. Recently, quantum states of a particle in a magnetic field and on 
a noncommutative plane have been attracting considerable attention, see for 
instance [171 [TBI [TP] and [20] . Among the problems in the formulation of the 
non-commutative quantum mechanic are to implement the symmetries of the 
ordinary theory and the consistent interpretation of the position operator [21] , 
Some works are devoted to the search for experimental observation that can gives 
a physical evidences of the non-commutative properties of the space, or that can 
be used to set some limits for this non-commutative properties [22] [23] . The 
non-commutative quantum mechanics can be constructed by the quantization of 
a classical ^-modified action [24 . In this article we will construct the standard 
CS for a particle in a magnetic field and on a non-commutative plane, and study 
the relation between these classical-like states and the "classical" trajectories 
predicted by the corresponding ^-modified action. In addition, we make use 
of the interesting properties of the circular CS proposed in [16] to construct 
semiclassical states of this system. 

The present article is organized as follows. In Section 2, we recall the formu- 
lation of classical mechanics on a non-commutative space in terms of commuting 
coordinates (and in terms of the so-called 9- modified actions). In Section 3, we 
study such a formulation and its quantum version for a charged particle submit- 
ted to a magnetic field, and the related gauge dependence of this formulation. 
In Section 4, we follow the Malkin-Man'ko approach and construct coherent 
states for the above system on the non-commutative plane. We discuss their 
semiclassical properties and the corresponding quantization of physical quan- 
tities. In Section 5, we construct for the same system partially circular CS, 
proposed by us in [16] . and perform the Berezin-Klaudcr-Toeplitz quantization 
based precisely on these coherent states. In addition, we present a numerical 
exploration of their semiclassical behavior. Finally, in Section 6, we summarize 
the obtained results. 

2 Classical and Quantum motion on noncommu- 
tative plane 

Let us start by briefly recalling the nonrelativistic quantum mechanical descrip- 
tion of a finite-dimensional system living on a noncommutative space. Suppose 
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that such a system is described by coordinates q k and momenta f)j operators, 
k,j = 1, ...,d, that obey the commutation relations 

[q k , q j ] = i9 kj , [q k , Pj \ = lU) , \p k ,pj] = , ^ = -6 jk , (1) 

where 6 J is a real constant antisymmetric matrix. The quantum Hamiltonian 
H = H (p, q)\ p _p is constructed from the classical one H (p, q) and a certain 
ordering is chosen. Introducing new operators, see [22], 

x k = q k + ^f kl p , 

[x k , &] = , [p k ,p 3 ] = , [x k ,p j \ = ih5 k , (2) 

one can construct a path-integral representation for the matrix elements G x — 
(x out \ U (t out , t in ) \ x in) of the evolution operator U (t, t) = exp {-j-H (t - t')| 
in ^-representation, 



G x = I Dp I Dqex V l-S } , (3) 



where 



see El. 



S e = J dt [prf - H (p, q) - f, /I*',,, ■>!, , (4) 



In quantum mechanics on commutative space, the action S = S L_ is 
just the Hamiltonian action of the classical system under consideration. In 
the noncommutative case this action is modified by the adding of a new term 
p k Q k i Pj /2h. The action ((4]) is called ^-modified Hamiltonian action of classical 
mechanics. As was mentioned in |25 [ 126 ) . its quantization leads exactly to the 
commutation relations (Q]). Below, we demonstrate this explicitly within the 
canonical quantization framework. To this end, let us treat (|4]) as a Lagrangian 
action with generalized coordinates Q = (q,p) and Lagrange function L = 

l(q,q), 

L=pjqf-H(p,q)-p j P i Pi /2h. (5) 
Constructing the Hamiltonian formulation, we introduce the momenta 

dL _ dL k i 

TTfc = = Pk , TTfe = — = -—Pj , 6 

dq k dp k 2h 

and find the primary constraints to be $W = l(fi,(f>) = 0, 



9 kj 

4>h = - Pk , <t>k = TTfc + -^rPj ■ (7) 

They are of second-class, det {(IH 1 ),^ 1 )} ^ 0. Performing a canonical transfor- 
mation to the new canonical variables (they are labeled by primes), 

l'k = % , p' k = Pk , TTfc = K k -p k , fr' k =ir k -q k , (8) 
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we obtain the constraints of the special form: 

see [27]. Therefore, we can exclude ir' k — and q' k from the consideration, in 
particular, from the Hamiltonian. Then the commutation relations for the rest 
of the variables are canonical and the new Hamiltonian reads as 

Performing one more canonical transformation pj = pj, %' k — —Xk, we obtain 



H =H I x- %r^,p ) , {xj,Pk} = Sjk , {xj,x k } = {pj,p k } = . (9) 



2h 

It follows from the action (J5]) the following relations: 

dH(q,p) i= dH(q,p) | ^ dH(q,p) 
1 dq l ' dpi h dqi 

Using the relation ([2]) we obtain the classical canonical relations for the com- 
mutative coordinates, namely 

1 dx l ' dpi 
Passing from ([9]) to quantum theory, we obtain 



He = H (x- ^,p\ , [xj,Pk] = ihSjk , [xj,x k ] = , \pj,Pk\ = , (12) 
which corresponds to |(3J). 



3 Charged particle in constant magnetic field on 
the noncommutative plane 

3.1 Classical motion 

Consider a classical nonrelativistic particle moving in the plane (a; 1 ,^ 2 ) and 
interacting with a constant and uniform magnetic field of intensity B perpen- 
dicular to the plane. Such a field can be described by a vector potential A only 
(A = 0). The Hamiltonian of the particle iifj] 

x = (x\x 2 ) , p = (pi,p 2 ) • (13) 

lr The charge of an electron is — e, with e > 0. 



H(x,p) 



i 

2^ 



:a(x) 
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In what follows, we use alternatively the Landau gauge Al and the sym- 
metric gauge Ag, 

A L = B (0, x 1 ) , A s = ~ (-Bx 2 ,Bx 1 ) , (14) 
A L =A S + V/ , ]= X -Bx Y x 2 . (15) 

Supposing that the minimal coupling is still valid, the corresponding Hamil- 
tonian H(p,q) of (fT5| for the non-commutative variables q = [q ,q 2 ), which 
respect the algebra ((TJ , can be constructed through the substitution A (x) — > 
A(q), 

A L (q) = B (0, q 1 ) , A s (q) = \ (-Bq 2 1 Bq 1 ) . (16) 

In the case under consideration, we can set 6 k i = 9e k \ k,j — 1,2, where e 3 
is the Levi-Civita symbol, e 12 — 1, such that the classical equations of motion 
(jTUJ) , in the Landau gauge fLf]) , have the following solutions 

q 1 = q„+R cos (u)t + 4>) , w=—\B\ , 

cm 

Be 

q 2 = ql + eRsm(ujt + (j)) , e = 1 + — 9 , (17) 

where R, <j) and q l are real constants. The motion is periodic, with frequency tu 
(the cyclotron frequency), along an ellipse with center (<Zo,9o) anc ^ eccentricity 
e. Hence, this elliptic deformation of the circle is due to the noncommutivity 
parameter 9 through e. If we choose, instead of ([M)) , the gauge A^ = —B(q 2 , 0), 
then due to the antisymmetry of # J the axis of the ellipse will be interchanged. 

In the symmetric gauge (|15|) the solutions of the corresponding classical 
equations of motion (|10p have the form 

q 1 = ql + R cos (u)t + <j)) , q 2 = q 2 + Rs'm {Cot + <f)) , 
eB 

w = w|ms| , ms = 1-^. (18) 

In this case the trajectory remains a circle with radius R whereas the non- 
commutativity modifies the frequency of motion Co: the latter differs from the 
cyclotron one a; by a factor that depends on the algebraic value (in particular, 
on the direction) of the magnetic field. In the case when B9 > 0, the frequency 
of oscillation decreases as \B\ increases, and turns out to be zero for 9 = 9^ = 
Ach/eB. 

As was already mentioned in the literature [5U1 HE] ; the classical motion on 
the noncommutative plane is not gauge invariant under gradient U (1) gauge 
transformations of the external electromagnetic field. 

In both gauges, the relation between the minor radius R of the ellipse and 
the particle energy, defined as E = H (q,p), reads as 

E _ mui 2 
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which holds also in the commutative case. However, for E = Hg (x,p), we have 
a ^-dependent relation: 



E m 2 f 1\ 2 , f 2\ 2 

= - frsu) , i? 2 = (a: 1 ) + (.t 2 ) . 



(19) 



3.2 Quantum theory 

Symmetric gauge Passing to quantum theory, we choose first the symmetric 
gauge As. Then 



A, 



D 



e jk p k ) , i,j,k= 1,2 , 



2 ~ lJ V" 2h 
and the quantum Hamiltonian (|12[) takes the form: 

1 / at ai\ m eB 



2m 



t's 



Here Pj, i = 1,2, are components of the kinematic momentum operator, 
eB 



Pi Pi 2^ i 



Pl,P2 



^eB ~ B 
= —in — , B = ■ 

c /i 15 



(20) 



(21) 



Like in the classical case, for B9 > 0, there exists a critical value 9 = Of 
Ach/eB, for which the Hamiltonian (|2H)) does not depend on the momenta, 



e ° 2m \ 2c J 



and its eigenvectors describes localized states. 

In the general case, (|20[) is a Hamiltonian of one-dimensional harmonic os- 
cillator with the spectrum 



E n = HQ [ n 







e 




e 


(n-\ 


-I) 


, u = — 


B 








cm 




cm 



\psB\ , n e N 



(22) 



The frequency u> coincide with the frequency of the classical motion (| 1 8|) and, 
as was already mentioned, depends on the algebraic value (in particular, on the 
direction) of the magnetic field. 

It is convenient to introduce creation a + and annihilation a operators, 



1 



V2r 



— z + 2ip z 
2c 



1 



-ih 



d_ 

dz 



\j2mHih 
Pi- > [«j « + ] = 1 



(23) 



In terms of such operators the Hamiltonian (|20| assumes the form 

r 



Ha = fub \ N 



N = a + a 



6 



There exist additional operators of creation and annihilation, 



b = 



1 



\/2mQh 



^-z* + 2ip z 

ZC 



b+ = 



1 



\j2muih 



eB „ „. A 

z — 2vn z , 

2c yz 



= i 



(24) 



They commute with a + , a, and Hg, such that it is an integral of motion, 



6, a 



b, a 1 



b,H, 



Thus, the eigenvectors of the Hamiltonian Hg corresponding to the eigenvalues 
E n , are 

m mn (z,z*) = ^=±={b+) m (a+) n ^(z,z*) , (25) 



'm\ vn! 

with the ground state iJjq given by 



-I n eB / _^ / at 

az* 4 



8fr 



(26) 



where N is a normalization factor. The above eigenfunctions are infinitely 
degenerate. 



Landau gauge In the Landau gauge Aj,, the quantum Hamiltonian reads: 

2 



Hg = 



Pi 



2m 2m 



1 / „ eBx 1 
P2 H 



B 



eB 



-,B = -,n = l . 

2c/i 



Here we obtain a different critical value # = 2ch/eB = 20f . 
Introducing the kinematic momentum operators P± , and Pi , 



Pi=Pi , P2=P2 + —x 1 
c 



Pi, Pi 



-ih- 



eB 



we write (|27p as a one-dimensional harmonic oscillator Hamiltonian 



6 2m 



P 



, P = Pi , Q = -^P 2 
eB 



Q,p 



= ih , w = — \B\ 

mc 



(27) 



(28) 



with cyclotron frequency u>. Thus, in the Landau gauge, the spectrum is 

eB f 1 , 
E n = — n + - I , n e N . 
mc V 2 
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In this case, the annihilation operator a from (|23[) is commonly changed into 

1 



A*P 2 + iPi 



such that 



Ha = hjj a a + — 



(29) 



(30) 



In the gauge under consideration, p 2 is a integral of motion, it commutes with 
Hg . Here the eigenvectors of H g can be chosen as 

*«.fc 2 ( z > z *) = ~r= (« + )" V>0 (x 1 ) 4>k 2 (x 2 ) , 

vn! 



with the state and the ground state ipo given by 

fcipk 2 = feV'fes =>■ V"fe 2 (^ 2 ) = ex P (ik 2 x 2 ) 



aipo = Vo (a^ 1 ) = -/Vexp 
where N is a normalization factor. 



— (ft 

2% \uj 



k 2 +x i 



(31) 



4 Malkin-Man'ko coherent states on noncom- 
mutative plane 

The CS of a charged particle in a uniform magnetic filed were originally con- 
structed by Malkin and Man'ko [TT]. In fact, due to the double analytic struc- 
ture of the phase space, those states are the tensor products of standard CS. In 
the general case, the phase space is C 2 = {x = (a, (3) , a £ C , € C} and the 
realization of such a space can be constructed as the Hilbert space 

L 2 (C 2 , n (dx)) = L 2 (C, n (da)) <g> L 2 (C, C, /j, (d(3)) , 

provided with adequate measures /x (da) and /i (dj3) . For the specific case of the 
standard CS, the measure is chosen to be 

/i(dx) = e -H 2 ^ e -|^^ ! (32 ) 

where d 2 a and d 2 /3 are the respective Lebesgue measures on the complex planes. 
In this Hilbert space we can define the following orthonormal set of functions 

a m B n 

$ m ,„(x)^^=4=, (33) 



that we put in one-to-one correspondence with the elements \m,n), m,n E N, 
of any orthonormal basis of a separable Hilbert space Tt. We now introduce the 
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CS corresponding to this choice of orthonormal set. They are elements of H 
defined by 



\a,0) = |o)®| 



exp 



E 



/3 r ' 



\m,n) . (34) 



By construction, these normalized states are labeled by points of C 2 and form 
a continuous overcomplete set resolving the unity in TL. In the case of the 
symmetric gauge As (fT6|) . the standard CS are constructed by choosing the 
states (|25|) . eigenstates of the Hamiltonian Hg (l20|) . as an orthonormal basis. 
With this choice, |34|) can be written as 



\a, P) = Z |0, 0) , Z = exp (aa+ - a*a) exp (l3b + - 0*b\ 



(35) 



where the operators a and b are given by (|23|) and (|24|) . and the ground state 
*oo (EH), supposed normalized, is denoted here by |0, 0). The above CS, which 
we have written using displacement operator [7], correspond to the CS obtained 
by Malkin and Man'ko. 

The time evolution of these coherent states can be obtained as 



| a, (3; t) — exp ( J l a , 0) — ex P 



-i— t ] |aexp (— iCjt) , /3) . (36) 



We note here that the Hamiltonian Hg acts as the identity on the \0) part of 
the CS, Hg = Huj (^N a + 1/2^ (8 As we will see, these states describe circular 
trajectories and the parameter a is related to the radius of the orbit, while (3 is 
related to the center of the orbit. 

For the Landau gauge one can define the semi-coherent states 



la, k 2 



exp 



: i i 2 



exp ( aa 



|0,fe 2 



|0, k 2 ) = |0) ® \k 2 ) , a |0) = , p 2 \k 2 ) = k 2 \k 2 ) , 



(37) 



where the operators a is now given by (|29[) and the ground state ?po, denoted 
here |0), is given by (f3"Tj) . Note that we could as well define Malkin-Man'ko 
coherent states for this case. 

Let us study the mean value evolution of the coordinate operators for the 
above CS. For the symmetric gauge let us use the kinematical momentum op- 
erator (|2"Tj) and introduce the centre-coordinate operator [2"9"] 



1 



-£ y P„ 



3 i 



Ms 



, MS 



1 



eB 



which are integral of motion 
xl,Hg 



xl,Hg 



— , [x , ip] — ■ 



, i,j = 1,2 



ih 



(38) 
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From ([38]) and (33]) we have 



x 1 



From the fact that |a,/3) is an eigenvector of a with eigenvalue a, we easily 
derive: 



(a, /3| (i 1 - f J) |a, (3) = \ Re (a) , 

V TOW 

(a,/?|(i 2 -i 2 )|a/3) = _Ji4lm(a) . 

V TOW 

Writing a = hr x l 2 R e~^, with i? and </> real constants, and using the time- 
dependence of \a,f3;t) ([36]) we finally get 

(a, (3; t\ (x 1 — xl) la, 0;t) = \ -^R cos (£>i + 0) , 

V tow 

(a, /?; f I (z 2 - Xq) la, /3; i) = \ -^—R sin (wi + 0) , 

V tow 

where the frequency of oscillation w concords with the classical expression (TT8|) . 
Alternatively, for the Landau gauge we have from (|37[) . 



i -l i j /to/i fi mujh 

{a,k 2 ;t\x \a,k 2 ;t) = -y — Re (a)—k 2 , (a,fc 2 |pi |a,fc 2 ) = y — — Im(a) , 

with given by (|28|) . Writing a = hr x l 2 R e~ 1 ^ , with i? and </> real constants, 
and using the time-dependence of \a) (|36|) we get 

(a, k 2 \ x 1 la, k 2 ) = -\ ^-2i?cos (wt + 0) - — fc 2 . 

V 2w w 

Once again, the frequency of oscillation w concords with the classical expression 

(HZD- 

As expected, by computing the mean values (f\ — (ct,/3\ f\a,(3) and the 

dispersion {j^-tj — (/ 2 ) — (/) > we see tnat tne a bove CS saturate the 
uncertainty relations, 



V ch a - hB\e\ . , . „ fi 

= y 2B~|e[ ' = y "~2c/7~ ' A ^ Api = 2 ' 

where i = 1, 2 and = /is is given by (|20[) for the symmetric gauge and for the 
Landau gauge (the semi-coherent states) i = 1 and /i is given by ([28]) . 

We recall that standard CS \a,/3) (j3"5)) resolve the unity operator in the 
Hilbert space spanned by the eigenfunctions \m, n): 

d 2 a d 2 /? 

|a,P> (a, PI = ^ ■ 



7T 
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Hence, they allow a quantization a la "Berezin-Klauder" or "anti-Wick" quan- 
tization [30] of the classical quantities / (a, (3) through the correspondence 

f f d 2 n d 2 B 

f (C, C) " / / T^f («. # I"' # («. 01 = / ■ (39) 

For mild conditions on /, this linear map produces a well-defined operator / in 
TC. Starting from the classical quantities (a; 1 , x 2 ), with z — x 1 — ix 2 , using the 
explicit form of a and b (a + and b + ) in (|23p. and the fact that a and /3 (a* and 
/?*) are their respective eigenvalues, we see that these complex parameters are 
related with the classical quantities by 



x 1 = \j ^-r (Re a + Re (3) , x 2 = J (Im - Im a) , 
com V com 



Pi =J— (Ima + Im/3) , p 2 = J — (Rea - Re/?) . (40) 

Using the decomposition (|34p it is a matter of simple calculation to prove that 
l[3l?|). for / (a, j3) =a and / (a, /?) = /3, give 

^^a|a,/3)<a,/3| = a, ^ / / /3 |a,/3) <a,/3| = b , 

and, in the same way, we have a* i— > a + , /3* h- > b + . The above expressions 
allows perform the CS quantization of the classical quantities (T4"0|) . 



x h+z =y -r-^ (^a + a T + o + tr J , pi h-> pi = - y - - a - b + b 

x 2 h-> i 2 = ~ " + ~ ^ + ^ + ) > P2 ^ R = \J ( a + a+ ^ ^ ^ 

(41) 

Using the above relations we can see explicitly that the definition of a classical 
variable in the form ([2]), 

reproduces the adequate quantum theory with non-commuting coordinates for 
the position operator where [§ 1 ,9 2 ] = i0. 

5 Circular-coherent states on the noncommuta- 
tive plane 

In this section we construct a different CS family for the problem of a charged 
particle in a non-commutative plane. Due to the nature of the behavior of a 
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charged particle in a uniform magnetic field, our approach will make use of the 
coherent states for the motion of a quantum particle on a circle. In the work [14] 
the authors propose the construction of CS for a particle in a uniform magnetic 
field by precisely using the CS for the circle. The latter are constructed from the 
angular momentum operator J and the unitary operator U that represents the 
position of the particle on the unit circle. These operators obey the commutation 
relations 151, 



J,U 



U 



J, cr 



-U + . (42) 



The introduction of these CS permits to avoid the problem of the infinite degen- 
eracy present in the approach followed by Man'ko and Malkin, and, in addition, 
takes into in account the momentum part of the phase space. Consequently, 
the so obtained CS offer a better way to compare the quantum behavior of the 
system with the classical trajectories in the phase space. In the present ap- 
proach, we give a generalization, or a squeezed version, of these circular CS for 
the particle in the magnetic field and on a noncommutative plane. 

In the symmetric gauge, let us introduce the centre-coordinate, as in (|38p . 
operators 

xl = x 1 - i P 2 , xl = x 2 + —A , (43) 
mui muj 

which are integral of motion, [Hs, Xq] — 0, and the relative motion coordinates, 

f 1 = x 1 -xl = -ArP 2 , r 2 = x 2 -xl = --^A ■ (44) 
muj mw 

Next let us define the operators 

f Q ± = xl ± ixl , f± = f 1 ± if 2 = — (P 2 T iPi) ■ (45) 

They obey the commutation rules 

[f +,fo-]=2i, [f +( f_]=-2^, [r o ±,r±]=0. (46) 
mui muj 

We now define the angular momentum operator J, which is just proportional 
to the Hamiltonian (j2"D|) , 

j A # A # 2- A 

J = f\P 2 — f 2 Pi = —Hg = fhujf + f- + H = ma)f_f + — /i . 

The above expression coincides with the classical one (|19p . Due to the rules, 

[4*o±] = 0, [J,f±] = ±2fif ± , (47) 

the operator J can be identified as the generator of rotations about the axis 
passing through the classical point (xq,Xq) and perpendicular to the (x 1 ,^ 2 ) 
plane. The nonunitary operator f_ is the counterpart of the unitary operator U 
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in (U2J), which describes to a certain extent the angular position of the particle 
on a circle. Actually, the factorization of f_ where, in the present case, 



f_ = R-V , R- = yf-fL 

allows to view V as a unitary operator related to U. 

The symmetries and the integrability of the model can be encoded into the 
two independent Weyl-Heisenberg algebras issued from the rules (|47)l . one for 
the center of the circular orbit and the other for the relative motion. They 
allow one to construct the Fock space (|25[) . with orthonormal basis {\m, n) = 
|m) (8 \n) , to, n € N}, as repeated actions of the raising operators fo_ and r+, 



r _|m> 



2h(m+ 1) 



|m+ 1) 



2ft(n + l) 



1) 



On the other hand, we have 



r 0+ \m) 



2hm , 



1) 



2hn, 



and the eigenvalue equation 

J |m, n) = (2n + 1) H \m, n) 



(48) 



(49) 



(50) 



The circular CS |zo,C), as they were proposed in [14] (although with some 
notational differences), are constructed in the Hilbert space spanned by the 
orthonormal basis {\m, n)} as solutions to the eigenvalue equations: 

^•o+ \zo,Q = zo \zo,0 , Z\zo,Q = C 1^0,0 ,z ,CeC, (51) 

where the operator Z is defined by 

Z = e Wt*+Vt_ . (52) 

The projection of the CS (f5Tj) in this Fock basis reads as 



(m,n\ C,z a ) = 

h 



e 2 



zm fn 



B 



_,B = A, W = 1 _|| ( 
c [is ^cn 



where, for notational convenience, we have introduced the dimensionless vari- 
ables 



mu> ~ / tow 



The normalization factor involves the function 



j-n 

-n(n+l) 6 



(53) 



(54) 



n=0 
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We can generalize the above formulation and, consequently, obtain a squeezed 
version of the CS (fSTj) . defining the CS of the charge in a uniform magnetic field 
as the eigenvector of the commuting operators f o+ and Z x [TB] , 

fo+ |zo,C) = z o \zo,0 , Z\\z ,Q = Cko,C) , (55) 

where 



Z x = exp 




E 

n>l 



e? n y/^\n- l)(n\ . (56) 



The operator Z x coincides with Z from (|51[) for A = 2, and with just r_ for 
A = 0, i.e., the case in which we have the tensor product of standard coherent 
states, called in this context the Malkin-Man'ko CS [TT]. For an arbitrary 
A > 0, Z\ controls the dispersion relations of the angular momentum J and 
of the "position operator" f_. Note the expressions in terms of the number 
operator N and the resulting commutation rule, 



Z x z{ = !ia A e^ +1 > , z{z x = ^d x e™ 
muj muj 

2H 



[Z x , Z{\ = 24^d x sinh(A/2) ^(^+1/*) . (57) 

We will call the states defined in ([55]) A-coherent states (A-CS). In the Fock 
basis (|50|) these CS read as [16] 

1*0 1 2 

! LU ~TTl /~Tl 

\zo,0= "r— E % 4i e " |n( " +1) I™' n ) > ( 58 ) 

V^a(ici 2 )-.« Vw! Vn! 

where, for a fixed value of A in (|55[) . the normalization function f,\ (t) is a kind 
of generalized "exponential" 

~ A„(„ + l) t« ~ *» 

fto-E^ ■ s"^' (59) 

n— n— 



where 



e 



™ A n = 9 A e nA ,x„! = x l2 ; 2 ---x„, x l = 1 . (60) 



The complex numbers zo and £ parameterize, respectively, the position of the 
centre of the circle and the classical phase space of the circular motion. As 
was shown in [14) these CS have some properties that made them more suitable 
to describe the classical behavior of a charged particle in a magnetic field, in 
comparison with the Malkin-Man'ko CS [11] . Besides, as we show in the next 
section, our generalization with the A parameter can be explored to improve in 
an appreciable way these interesting characteristics. 

The A-CS \zq, C) (|55|) are the tensor product of the states \zq) and |£), where 
the first one is the standard CS described in the previous section. So, in order 



14 



to perform the Berezin-Klaudcr-Toeplitz quantization using our CS, we concen- 
trate only on the states |C)- For convenience, we put h = ifiui/2 = 1, and so 
C = C- Then, in the basis {|n)}, the latter admits the decomposition 
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1 



e nX n. 



(61) 



As was shown in [TB] the CS states \Q resolve the unity operator in the 
Hilbert space spanned by the kets In), 



(ICI 2 ) d -j ^a(|CI 2 ) 10 (CI 



where the weight function w\ is given under the form of the Laplace transform, 



n7 A (t) = 



-A/2 f+oo 



du exp (—e x ^ 2 tuj 



(In uY 

tu) e 2A = 



-A/2 



/27TA 



The corresponding CS quantization of functions on the complex plane, the phase 
space for the relative motion, is the map 



/ (o c) - / v mx ( lc|2 ) ; (c c_) £x ( lc|2 ) 10 (cl = f 



(62) 



Using the fact that the weight function vj\ solves the following moment 
problem 16J, 



J t n vj x (t) dt = n\ exp j 



An (n + 1) 



, A>0, 



it is easy to obtain the quantization of the variable C, 

d 2 C 



c^c 



~~t wx (ici 2 ) ^ (ICI 2 ) C 10 (CI 



^exp 



A 



y/n\n-l) (n\ = Z\ 



(63) 



Similarly, we have Q = Z\. Let us now quantize the classical observable |C| 2 
that, as it will be discussed in the next section, represents a A-deformation of 
the classical relative angular momentum. One obtains: 

ICI 2 -£$^a(|CI 2 ) (ici 2 ) ici 2 icxci 

= ^(n + l)exp[A(n + l)]|n)(n| = Z x z{ = d x e x{ " +1 ^ . (64) 
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Therefore, restoring the units, 



( <-> C = \ — exp 
V raw 



\ (« + « + 1) 



/ 2h - + 
a , Q = \ — i exp 

mco 



(65) 

with the operator a and a + given in (|23[) . Repeating the procedure of the 
previous section, for the standard CS \zq), we obtain, 



zo >-> r _ = \j ^z-b , h-> r 0+ = J , (66) 

V V mu 

with the operator & and b + given in ([24ll . Using the relations (j4Tj) and the trans- 
formation @ we see that this CS quantization reproduces the non-commutative 
relation |T]). 

5.0.1 Numerical analysis 

Following [J5] a criterion to test the closeness of the introduced A-CS (|6"Tj) to 
the classical phase space, is verifying how expectation value of the angular mo- 
mentum operator approaches the respective classical quantity. It can be done 
by the evaluation of the relative error e, 

e (A, = 11^1, (67) 

with the expectation value of the angular momentum, in the units h = rhCb/2 = 
1, given by 

(J)C = (CI J 10 = £ ICI 2 " £^e-***D . 

The parameter £ is related to the classical angular momentum I — rhuir 2 = 2r 2 
(where r is the classical radius) by 

As observed in [2] the error computation (f6"T)) by using Kowalski-Rembielevski 
CS shows that the approximate equality (J)^ ~ I does not hold for arbitrary 
small I, being good only for I > 1. From Fig. 1 we see that, for our A-CS, this 
approximation can be improved, for I < 1, by making A increase. 
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FlG.l-Error function e as a FlG.2-Error function e as a 

function of A for |£| = 1. function of I for A = 2 (solid 

line), A = 4 (dashed line) and 
A = 6 (dotted line). 

But this behavior is not shared by arbitrary values of I > 1, as can be seen 
in Figure 2: the error starts to oscillate as I increases and, occasionally, we 
can have e (A, I) > e (A', 1) with A > A' for I > 1. The approximation is better 
near integer values assumed by I. This can be related to the fact that, in the 
construction of the CS for a particle on a circle, as mentioned in P3], the angular 
momentum can assume only integer values in the boson case. 

5.0.2 Harmonic oscillator phase space 

In view of the commutation rule (|57|) that illustrates a sort of "A" deformation 
of the harmonic oscillator, it is natural to consider the quantized version (|64D of 

the classical observable |£| 2 as a Hamiltonian H = |£| 2 = (N + 1) exp(A(iV + 1)) 
ruling the time evolution of quantum states. We thus investigate the time evo- 
lution of the quantized version Z\ , as found in ([63]) , of the classical phase space 
point C = (q + ip)/V%, comparing it with the phase space circular classical tra- 
jectories. This time evolution is well caught through its mean value in coherent 
states |C) (lower symbol) [15] : 



i{x n +2 -x n+ i)t] , (68) 

with A . Setting the initial state £ = 1, we plot the phase-space (Re£ x 

ImC) for different values of A. For A = we obtain a circle, as is expected for 
the standard coherent states. For A ^ the trajectories are confined between 
two circles. The general behavior can be see in Figure 3, where we set A = 2 
(the circular CS of [14]). 



C(t) d ^(C| e ^Ce^|C> 
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/ 




FlG.3-Phase trajectory for 
A = 2, C = 1 and < t < 8tt. 



FlG.4-Dependence of the 
interno radius r- ln t with A. 



The dependence of the internal radius r int with the value of A can be viewed 
in Figure 4. The internal radius decreases from 1 (at A = 0) up to almost 0.05 
(for A ~ 0.3), which represents the most squeezed version of our A-CS. After 
that, it starts to increase again. For A > 6 the trajectories become circular 
again, with a period proportional to e~ A . 

6 Conclusion 

We have studied a ^-modified classical action for a charged particle in a magnetic 
field. The canonical quantization of this model yields a quantum mechanics for 
this non-commutative space. The classical theory and the quantum theory are 
not gauge-invariant and obey some peculiarities for critical values of the non- 
commutative parameter 9. These values depend on the gauge. In the symmetric 
gauge, the energy of the quantum particle depends on the relation between 
the respective signs of B and 9. Thus, if we assume that these quantities are 
independent, the difference between the energy levels will change if we invert the 
direction of the magnetic field. We have constructed the standard CS of particles 
in the ^-modified quantum theory and have shown that the mean values of the 
position operator coincide with the "classical" trajectories of the ^-modified 
classical theory. In addition, we have constructed a family of non-standard 
circular CS parameterized by A > and have used such states to perform the 
Berezin-Klauder-Toeplitz quantization. As a result, we have reproduced the 9- 
modified quantum theory in the symmetric gauge. With the help of numerical 
explorations, we have shown to what extent the mean values of some physical 
quantities depend on the choice of the parameter A. 
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